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functions as basis functions to approximate spatidltime coordinates of the unkno
function, respectivel. The eror analysis is studied and discus. An illustrative
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Introduction

Models of fractional equations have been used inynfasds during recent yee. Historical and
theoretical aspects of fractional calculus weralisai in[15,6]. Also, There are many tebooks related to
applications of fractional equations in varioudd#of science and engineer, such as Control theary
Biology« Chemistry EngineeringPhysics and Continuum Mechanic,5,10,13,18,2(
Here we consider that the twdimensinal RayleighStokes problem with fractional derivee for heated
generalized second-grade fljicB]

du(x, Y1) _ DHFZU(x, Y., 0%ux v t)}

o  ° ox 2 ay’>
0% t) o0° t @
$OUOO YD 0N O p(y,0, 02t T, (xY)OQ,
ox oy

with boundary conditions
u(x, y,)=w,(x, y, 9, (x,y)doQ, (2)
and initial condition
u(x,y,0)=w,(x,y), (xydQ, (3)

where f(x,y,t) is known functior Q =[a,b]x[c,d], 0<y<1 and ,D;/u(x,y,t) is the Riemann-
Liouville fractional derivative of ordel— y which is defined by
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- 0
oD Vu(x,y,t):aoltyu(x, y, t), (4)
where, |/ is the fractional integral operator,

t
1 J-u(x,yl,_r)dr
rveo t-1"

The Rayleigh-Stokes problem is a model of-Nemtonian behavior exhibited by certain fluittse flow
characteristics of non-Newtonian viscoelastic #uithrough a dual porous medium [21] and the flow
analysis of fluids in fractal reservoir with framtial derivative studied in [26] by using the Hantkahsform,
the discrete Laplace transform of sequential ivael derivatives and the generalized Mittag-Lesffl
function. The Fourier sine transform and the Lapkaaesform were used for the solution of problena(®)
in [11,22,23].

Several methods are applied to approximaesthution of the Rayleigh-Stokes problem (1)-&)¢h as
the explicit and implicit finite difference metho{34, 28], a high order difference scheme and-Rish
less method [14].

The implicit and explicit finite difference nheds for the variable-order Rayleigh-Stokes probfer a
heated generalized second grade fluid with fraetiderivative is given in [29].

Okayama [16] developed two new Sinc schemes basesihgle and double exponential transformatian fo
Caputo's fractional derivatives of ordek ) <1.They used these methods to solve linear Fredhaiegial

equations of the second kind with weakly singulemniel [17]. In fact, the authors in [16,17,23%k the idea
that was presented by Riley [19], to develop tlehnéues in Sinc methods to approximate the saiutio
the second kind weakly singular linear Volterraearal equations.

Baumann and Stenger [1] provided a surveypgiiGation of Sinc methods to solve fractional gred,
fractional derivatives, fractional equations &rmdttional differential equations.
In this study, we approximate the solution of peat (1)-(3) by using sinc-RBF collocation methad.
section 2, we review the RBFs approximation mgtHo section 3, some properties of Sinc fuorctare
given. In section 4, we develop the Sinc-RBHRocation method, and the error analysis of theppsed
method is given. Finally, in section 5, dagtrative example is given.

Ju(X,y,t)= ®)

RBFs approximation method

The radial basis functions (RBFs) are funithat depend on the distance from central posttsone
can use RBFs to reduce higher dimensional spad#gpnao lower dimensions [7, 8,9].
The approximate expansion @{X) can be obtained by

N N

u(x) :zdi¢(” X - X||2) :Z dg (0, (6)
i=1 i=1

whereXi ,1=1,2,..N are center points, tHH|2 is the Frobenius norrrdi are unknown coefficients and

¢ are RBF functions. There are several kinds of &BFuch as Thin plate splines(TPS)(
1
#(r)=r*log(r), BON ), Multiquadrics(MQ)@(r) = (r > +c?)2), Inverse Multiquadrics(IMQ) (

r2

1
#(r) =(r>+c?) 2), Gaussians(GAU) d(r) =e <*), Odd degree splinesp(r)=r?, >0,0N ),
etc, where c is the shape parameter which tatsaay values. The Multiquaric radial basis ¢tion was
introduced for solution of partial differential eations by Kansa. The exponential convergenceBH Ras
studied by [8,9,29].Here we use Multiquadrics $&snction.

Sinc function
In this section, we review some propertésSinc function, Sinc interpolation and Sinc draure
[12,24,25] that we need.The Sinc function is dedifby
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sin(7zt )
Sing(t) = it
1, t=0
Let j be an integer and h be a positive numther j-th shifted Sinc function is defined by

s(j.h(t = sing "),

Since significant of problems are defined ovemid interval (a,b), we need the single expori{SE)
transformation that maps a finite interval (a,b) 4@, +00)[12,24,25], as follows

b-a Z b+ a
t:(//a,b(z):Ttanh&Zﬁ >

and its inverse functions defined by

2= W,,) 0= g(0) = Iog(g%";‘j |

that we can define Sinc pointsigs= ¢/, ,(kh). Following [12], we have
kh)-a
Og(wa,b( )

b—wa,b(km]" (1 =k
h “lo, j#k’

1Z0

o =[S(i, ho@, 1), =Sin -

If a given function f defined on (a,b), and fHpb)=0 can be presented by truncated cardinaltfondén the

following form [12]
M

f(t) =Cy, (F O = X T @, (1h)S( ], g, (D).

=M

Definition 3.1. [25] Let Dbe a simple connected domain ar{d,b) O D andf > 0.The family of all
analytic functions on D denote Hy,(D), and satisfy irf (z)|< k‘((z— a)(z— b))”‘ forall zODand a

positive constant k.
Let f(t) be the analytic function on a strip dom&, :{z OC:|Im(z) k (}for some d>0, and should be

bounded in some sense.
When incorporating with SE transformation, thedition should be considered in the translated dioma

,,(Dy) :{z ocC: arg(Sj < d} )

From [24], if f OL ;(¢,,(D,)) for 0<d<77 and interpolated by SE transformation of Sitent there

exists constankl > Qindependent of M, such that

< ky/ M elmAm 8)

a<t<b

whereh = ﬂ
\/ LM

The truncated Sinc quadrature rule is defined by

Jt@dt=h 3 £ @, (), ®

maxf (t)—Z, F @, (1n))S( ], h)o(g,,(1)
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From [16], if (f /qo'a’b) OL;(@,,(Dy)) for 0<d<rrthen there exists constakt > Oindependent of M,

such that

b M

[t ®dt=h " @, (I, ()] <k, eV ™. (10)
a j=—M

In general, the function f(t), with initial edition f(a)=0, may not vanish at end point t=#hen using the
Sinc basis function we have to represent the hasetion as

S(j, hol@, (1), j=-M,...M-1
Xi (@)= o(t)
1+pt)’

where p(t) =e® "  This type of Sinc basis is chosen to satiséyittierpolation at the boundaries. For a

j=m

given vectorc =[c_,, ,...,G, ] we approximate the function f(t) by

M

ft)=C,Iylt) = D ¢ x (@) (11)

j=—M
Sinc-RBF collocation method

In this section, combination of the Sinadtion and multiquadrics basis function is usedgproximate
solution of problem (1).

By changing variabl&l (X, y,t) = U(X, Y, t)+ W, ( X, Y),the problem (1)-(3)can be given as
2 2
U (X, y,t) _ Df‘{a U(x, y,t), 92 U(x, y, t)}

o ° ox 2 oy’
90U t) 0°U t -
LU0V T DOV 0L E i,y 1), 0< 12 T, (y)0Q,
0x ay
with boundary and initial conditions
Ux,y,t)=W(x, vy, 1), (x, y)doQ, (13)
U((x,y,00=0, (x,y)dQ,
where
F(X! y: t): f(X, y! t)+ aaalvzz +aa—2vv22 ) W (X’ y, t):Wl (X,y: t)_ W2 (X’ y! t)
X y
The step size of spatial variables and grade p@rdefined by
b-a d-c
h =——, h =——, x_=(p-1h, = 1 14
= == %= (PO, Y= (@D (14)
By using (6) and (11) the solution of equation)(@@n be approximated by
M
U,y.t)= 2 dg (nx (@ @), (15)

=M

Wheredij d=12,..,N, F— M,..,M,M ON are unknown coefficients and

8,(r)=J(x -x, )’ +(y - y)?+¢*, pg=12..n, N= A (16)
Using the SE-Sinc approach, the integral pafradtional derivative in (5) can be approximatéhw by
changing variables=¢, , (7 ),the given interval (0,t) can be transformed(t@o,oo), then the integral

o 1719](t) for a given function g(t) can be written in thélédwing form
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_ 1 I g(s) _ 1 T 9W, (D)W,) (1) _tr r 9(,.(7))
o 1Tal(t) = —d ’ = dr = — 17
90 = 97 T @ o mrew ey & 07
and by applying Sinc quadrature rule (9) we obtain
M kh

I'(V) S @re™)ar €

whereh = ﬂ
\} LM

2 2
DenotingAU(X, y,t) = 0~ U(x, y’t)_,_a U(x, y,1t)

ox 2 ay?
also by using series (15) we can approximatérmneional derivative of (12) by

DI (AU, y 1)) = (0 JIAUN(X, Y, t)) S (Cu[AUI0x ¥ 1)

and applying the operatgt,” defined on (18) and

_ L afod & ¢ du B (), Gy W, (kD)) 19)
r(y)dt i=Lj=M k=M (1+e e" )1+ e ¥ ’
¢°(r)+c’
hereAg. (r) =————.
whereAg, (r) ¢i3(r)
For convenience, denoting; (¢, (kh)) by W,, (t) then
. v dy Ad (1) (7K (W )+ (W4, )0 X, (Wo, (1))
DL BV, D) =553 5 3 = @+ o™ )@ &'y 0
Now by substituting (20) in equation (12) and gsiollocation points
n=,,Yy) t, =¢,+(h), pig=1,2,.,n, - M,..,N (21)
we have
ZZ di 8 (1)@ )@ )X (@ €,)) -
h & o diAg () (1,77 (W (1)) +," (Wo,) )X (Wt ))
TE S Lre™ ) &) 2
-2 Z d;Ag (7)x (@ ) =F(t)p.a'=23.n-1z2=-M,..M,
i=1j=-M
substituting (16) in boundary condition (13) wevda
20 2 4y (X (@ () =W (0¥t ), (%0,)00Q, pLa’'=1n, z== M,.,M (23)

wherex . =(p'-1h, andy, =(q'-1)h, .
Method (22) associated with boundary conditior®) #eld the linear systeM x(2M +1) equations and
N x(2M +1)unknown coefficientsd; , i

unknown coefficients in (15) we can approximatedbleition of equations (1)-(3).
4.1. Theerror analysis of the Sinc-RBF method

Here by assuming (x, y,t) = U(X, t) = V(X) G(t) and denotingi(t) = ¢, (t) and ¢/ (jh) = ¢, (jh) , we
can obtain

=12,..,N, F— M,..,M,by solving this system and substituting
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V) =3 ad (o), @)
G®= 3 bx, (@) (@5)

then by using (15) we have

VX =V00GH =3 D abd (0x (@) =3 D dd (D (a00)

Following [16], if suppose(G /¢')OL,(w(D,)) for d O(0,7r)let =min{y,B}« M is a positive

integer, anch = % , then there exists a constdﬁg > Qindependent of M such that
\/ U

< K ,Me V™M, (26)

DIYIGI) -~ [GT0

00

First of all we need to prove the following lemingbe used in the main theorem of this section.
Lemma4.1.Let h>0, then

sud i b, X, (@(D))| < 2K4(7%(3+ log(M ))+1j .
to(oT

rili=m

Proof: By substitutingt =¢/(jh) in equation (25) and considering (7) we obtain
ih

e
j 1+ jh le G(‘/I( Jh))! J__M; ;M 1 (27)
using Kroneckero for j=M we have
th
Trgm v =GlM ), (28)

by substituting (28) into (27) and assumin(%ax]|G t)<K,.for j <M we obtain
to(o,r

1+th ejh B 1+ e—Mh
bb,|< K, (1+ th 1+eth—K4(1+m < 2K,,

and for j=M we have

1+e""
|bM | S |G(¢/(M h))|eT <2 Ky,
foIIowing [17] we have

supZ [SCi, hyo(@()| —(3+ log(M))

toor 1i="M
o)
since——— <1 «then we can obtain
1 ew(t)
su pz X, (o) <= ~(3+logM ))+1 (29)
toor 1i=-M

The proof is completed.
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Theorem 4.1.Suppose that¢:¢(||.||) is a conditionally positive definite functionnd let V(X)
interpolated byg and satisfiedr\/ (')(r)‘sl IK . for all r 0[0,) and|<l,, and K; >0. Then there

exist positive constantf ;, K. and K, such that

N Ksg

max M (X)-> a4 (1< Ke ", (30)
X =(x,y)J a b]? i=1
and

N M \/_

max VY (X)GM- > ahg (nx @O) < KVMe* (31)
X =(x,y) a b? i=1j=-M
to(oT |

whereM "=min{M, N}.
Proof: Following [30, Theorem 11.22, page 190] tHatien (30) can be proved. Easily by considering

ax# )GMH-3 S abg (N, @)
]

X Oa,b)? i=1j=-M

to(o;T ]

<ma>+/ (X)G(1)- V(X)Z b x; (@) + ma*V(X)Z by, (p(t)) - Z Z apg (1x (@)
XDab] j=-M XE[ab] j=-M i=lj=-M
to(0T ] to(o;T ]

<ma>q\/ (X)||GM) - Z by x; (A1) +ma>4 > bx qo(t))%/(x)—Z ax (D),
X (ab]? X Oa,b)? |j=-M i=1

tO(o7 |

by assuming max }\/ X js k ",now by using (8) in the first term and using Lem#nh and relation (30)
X a,b)?

in the second term on right-hand side in the alieguality and simplifying, we obtain

Xrggg#/ X)GM-2 2. aha (), @(t)*
tO(0T ] P=Lj=M

N 5
<Kk 'VMe ™™ 12K, K6(£(3+ log(M )) + 1} eba" < KM ek
T

This complete the proof
Now to prove the next theorem. First we need fmdeahe following Sobolev spaces

W4(Q) = HYQ) ={w 0 L%Q):‘lﬂm LZ(Q)}.
X
The inner products and normslif (Q) are defined as
1 1
(W,u):jwudQ, W= (w, W)z, | W, =@ wO w2,
Q

and Hé(Q) is the space of functions ihl l(Q) that vanishes at the boundaries. The Soboleghuesil

norm on theH ;(Q) space is defined as the following

bl = [T +olow )de - ("ol

whereQis pOSItIVG constant.
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Theorem 4.2.The solution of Rayleigh-Stokes problem (1)-(3) s een approximated by_(x, y, 1),

using the Sinc-RBF collocation method (22) -(ZB)UD(X,y ,1) be the computed solution of the arising
systems, and it is supposed that the assumptibitieorem 4.1 are fulfilled, then the error bowf the
Sinc-RBF collocation method satisfies

ux, y, )= u(x, .t < Ko/ M gom”

whereM "=min{M, N} andh = ﬂ
UM
Proof: Now we can consider the following relation
ey, =uocy ), < |uoo v 0= woe v+ U oy - G Ox y ) (32)
from Theorem 4.1 we have
Hu(x, y,)-u(x, v, t)”w < K Me<si (33)

For the secound term of (32), by substituni}(g(, y,t) and uD(X ,Y,1) in equation (1) and subtracting we

have
6E (t)

E,(X) oD (EA()AELX) + E{YAEX) + H x ¥ ), (34)
where
oo,y -wo y ) = By 0= B(x y) B()= EX) B()
and

Fl(x,y,t)=‘f (x,y,t)=f (X, y,ti.
Multiplying both sides of equation (34) bk (X ,t) = E (X) E,(?) and integrating oveiQ x(0,T ], we
obtain
e [P e o= (07 0. E(5) (2 £, E(9) o5
+E,|" (AE(X), ExX))+(F, EX) E{}),
SinceE, (t) OH; then E,(0)=E,(T)=0 and the left-hand side of equation (35) vanistes] also
oD VE,(t) =DV E,(t) then we have

e[ 0

1y _ 0
(oDIES(t), Eo(1)) = j j T _,)l_f

by substituting (36) in (35) we obtain

" (36)

(T J[E-I: (E.09. £,00) [ £ (5B, E09)+( F ED) EC))
(37)
o ELIEL -IELIEL+(F E00 E(Y)
and using the Poincare inequality
[El=clEl
we obtain

226



JZS (2016) 18 — 4 (Part-A)

1 T/
SIEFIEN ++ s IELTEL < (F ECO E(Y)
then
cT C? 1
B 1€+ | ERTE < (CF 00 BO) = S| #°+5 Ef°] Ef

Finaly we have

1
= 2 =) 10\/_D
[l =(IES €S+l ELIEL) < o A< Ky Mes™,
y+l
r(y+2)
5. Numerical lllustration

where® =

.By settingK ¢, =K, +K,, K¢, =min{K , K ,}, the proof is compeleted.

In this section, we consider the followiimtial-boundary value problem [13] to test theid#y of
presented method and to show the efficiency andracy of the purposed method.

Ou(X, ¥, 1) - pay|0°U(X, ¥, ), 07U % 9] 0°UX ¥) 0" Yxy)
ot ot ox 2 dy? ax? ay?

+e"V | A+ p)t- zm 2-287 | 0t 1, x y< 1,
r@1+2y)

and

u(0,y,t)=¢e t*, u(,vy,t)= &’ t,

u(x,0,t)=e* t, u(x,Lt)= &> t,

ux,y,0)=0,

with the exact solution

u(x,y,t)=e* tr,

Sinc-RBF collocation method , that presentedsattion 4, is applied on the above example with

M =15d =3'Tl4,,u= min{y,1},h = % and also by choosing various values of
\/ Y7
11 1 . . .
h, = hy 255_8 and with various values of =0.15,0.5,0.7,0.8,0.The maximum absolute error
in the solution is tabulated in Tables 1 and 2.

Now we defineE , for Sinc-RBF collocation method as

E. = max max max{‘u Kytyu &y I‘})

I<p<n I<gsn-M<zs M

whereu (X, Y, t)is the approximate solution of(x, y, t).
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y=0.15 y=0.5

hX = hy Eoo Eoo C

1 4.8135¢ 10* 3.6910x 10° 1

2

1 7.5857 10° 8.2686< 10° 2°

3

1 2.2357 10° 6.7588 10° 2

4

1 9.4872x 10° 5.1557 10° 2

5

1 8.6355¢ 10° 5.7606x 10° 2

6

1 8.5424x 10° 4.9475¢ 10° 15

=

1 7.4272¢ 10° 45067« 10° 1

8

Table-2: Error of SE-Sinc-RBF collocation methodhav = 15
y=0.7 y=0.8 y=0.9

h, = E. ¢ E. ¢ E. ¢
1 5.8727x 10* 3 2.4699% 10* 1 45673% 10° 3
2
1 5.7877x 10* 3 5.2542 10" 2 6.915% 10 3
3
1 4.0026< 10 1.5 3.383x 10* 15 45299« 10 25
4
1 6.9382¢< 10° 1.5 2.9326< 10° 1 4.1748<10° 1
5
1 4.4760< 10° 25 4.8483%« 10° 1 5.9664< 10° 1
6
1 42741 10° 15 4.463% 10° 2 4.825% 10° 15
=
1 2.2345¢ 10° 2 3.1920x 10° 2 4573x 100 1
8

Tables 1 and 2 show that by using our scheme bas&BF and Sinc method with small numbers of basis
functions (small values of N and M), one cataobgood results.
Figure-1: (a)shows the graphs of resulting eimothe test problem using Sinc-RBF collocation moett at

t =¢/(Mh)with y=0.5h, =h, :% ,c= 1.fand M=15.

Figure-1: (b)shows the graphs of resulting emothe test problem using Sinc-RBF collocation roeftfat

t =¢(Mh)with y=0.7,h, =h, :% ,c= 1.5and M=15.
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Figure-1: (@) Graphs of resulting error using Sinc-RBF cadkien method withy=0.5h = h, :l ,c=1.andM =
X 3
15.(b) Graphs of resulting error using Sinc-RBRamdtion method with, =07 h = h, =1 c= 1.;.andM = 15.
X 4 !

Conclusion

Our presented method is capable approximétiegsolution of two-dimensional Rayleigh-Stokes
problem with fractional derivative for heated gealized second-grade fluid using a combinatio8iot and
RBF methods. This approach is applicable andiefft. Moreover, it can be used with small humbadrs
basis functions (small values of N and M). Duehe exponentially convergent nature of the metluoc
can get considerable accurate results. Thergiiesl example shows the efficiency and accuradleofvork.
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